During quasi-static compressive process, the gradient metallic cellular material can be divided into deformed region and undeformed region before the material is compressed compactly. The deformation mode of the gradient metallic cellular material is not the same as that of homogeneous metallic cellular material. Meanwhile, no plateau stress is observed in the crushing stress versus strain curve of the gradient metallic cellular material. A formula of calculating crushing stress of the gradient metallic cellular material is presented. Subsequently, a collision model for protective structures with gradient metallic cellular material is presented to investigate the vibration isolation of the large mass protection under low velocity impact based on Lagrange's equation of the second kind. The effects of the gradient metallic cellular material on the acceleration peak of inner protected structure are theoretically discussed. And the results show that adopting gradient metallic cellular material instead of homogeneous metallic cellular material with equivalent mass can decrease the peak acceleration value of the inner protected structure.
Introduction
Because of the outstanding properties, such as the low weight and high efficient energy absorption [1, 2] , the metallic cellular materials have been extensively applied in the civilian and aerospace fields (e.g., reentry capsule and airdrop platform) for impact mitigation applications. Among the metallic cellular materials, the gradient metallic cellular material has attracted many research interests [3, 4] . For the gradient metallic cellular material, its pore structures were graded through the thickness direction of the material resulting in varying mechanical properties. Meanwhile, the variation of the mechanical property may considerably influence its impact mitigation performances. Thus, the influence of the gradient metallic cellular material on the dynamic response of the protected structures is interesting [5] [6] [7] .
The compressive properties of the gradient metallic cellular material are important to its impact resistance performances under impact loading. Ali et al. [8] investigated the crushing stress of the gradient hexagonal structure subjected to the low velocity impact. Their results showed that the deformation mode of the gradient hexagonal structure was "I" mode [9] . In "I" mode, compressing deformation began from the part of the gradient cellular material with the minimum plateau stress. And the deforming process carried on until the part of the gradient cellular material with the maximum plateau stress is crushed. Ajdari et al. [10] constructed the finite element (FE) model of the gradient Voronoi cellular structure and investigated its uniaxial deformation behavior under the quasi-static compression. The results also suggested the deformation mode was "I" mode. Hangai et al. [11] fabricated the gradient aluminum foam and stated that it had exhibited multiple plateau stresses. He et al. [12] investigated the effect of gradient structures on mechanical properties of the gradient aluminum foam under quasi-static compression. It was reported that the crushing stress increased with remarkable positive slope in the experimental nominal stress-strain curve of the gradient aluminum foam. Xiao et al. [13, 14] presented a simplified formula to calculate the quasi-static crushing stress of the gradient metallic cellular material. The RPPL (rigid-perfectly plastic-locking) model [15] was employed by Xiao et al. to model the metallic cellular material. In views of neglecting the strain hardening in RPPL model, the deformed cellular In most of previous researches, the metallic cellular materials were used to absorb impact energy to prevent the inner protected structures/components from failure or destruction during collision process [16] [17] [18] [19] . When the collision energy was exerted on the outer structure, the dynamic response (vibration isolation) of the inner protected structures/components (seat-occupant system) is an important issue. Joshi et al. [20] used a single degree of freedom massspring-damper model to discuss the vibration isolation of the seat-occupant. The dynamic response of the seated occupant was discussed. Toward and Griffin [21] developed a similar mass-spring-damper model to study the effects of sitting posture and vibration magnitude on the vertical apparent mass of the human body. Li et al. [22, 23] presented a double degree of freedom collision model to investigate the dynamic responses of the inner objects and the outer structure protected by metallic foam. The uniaxial compressive stress-strain curve of homogeneous foam was experimentally obtained by Li et al. [24] . In their studies, the effects of mass/damping ratio and initial impact velocity on peak acceleration of the protected structure were discussed. So far, the energy absorber in protective structure is mostly limited to homogeneous cellular material. Adopting the gradient metallic cellular material for energy absorber instead of homogeneous metallic cellular material in the protective structures, the vibration isolation of the inner protected structure and the outer structure under low velocity impact is an interesting research issue.
The outline of the present paper is as follows. Firstly, a formula considering hardening strain for cellular material is presented to predict the crushing stress of the gradient metallic cellular material. Secondly, based on Lagrange's equation of the second kind, a collision model for protective structure with gradient metallic cellular material is developed for large mass protection structure under low velocity impact.
Finally, the influences of gradient metallic cellular material on the dynamic response of the inner protected structure are investigated.
The Collision Model for Protective Structure with Gradient Metallic Cellular Material under Low Velocity Impacting
When a reentry space capsule lands on the ground, the cushion material and the seat are the important protection system for the occupant. The process of the reentry capsule colliding with hard ground can be simplified as a low velocity impact problem with a large mass structure protected by the gradient metallic cellular material shown in Figure 1 (a). The reentry capsule is simplified as a rigid body having mass 1 ; the occupant and seat together are treated as a rigid structure having mass 2 . Meanwhile, the seatoccupant structure is modeled as a mass-spring-damper system. Let the spring and damper be characterized by ( ) and , respectively. Therefore, the reentry capsule colliding problem can be modeled as a collision model for protective structure with gradient metallic cellular material as shown in Figure 1 (b).
Quasi-Static Crushing Stress for the Gradient Metallic
Cellular Material. The gradient metallic cellular material has an initial mass density that increases from upper face to bottom face shown in Figure 2 . H notes the thickness of the gradient metallic cellular material and z is a coordinate of thickness direction. Not considering detailed material topology, the characteristics of gradient cellular materials were simplified as homogeneous in plane and varied along thickness direction. Zheng et al. [25] calculated the quasistatic crushing stress of homogeneous cellular material using an empirical function with plastic strain hardening stage. The empirical function is employed to calculate the quasi-static crushing stress of the cellular material with mass densities depending on direction coordinate:
where ( ), ( ), and ( ) are the initial plateau stress, strain hardening parameter, and strain function of coordinate , respectively. Based on the investigation [25] , Wang et al. [26] presented the relationship between the strain hardening parameter and relative mass density of the cellular material as follows:
where , and initial ( ) are the yield stress, mass density of the matrix material, and initial linear mass density distribution, respectively. Meanwhile, ( ) is the initial plateau stress [27] :
The initial linear mass density distribution of gradient cellular materials is defined as follows:
where 1 and 2 are the initial mass density of the upper surface and bottom surface, respectively. Before all metallic cellular materials entered into densification under quasi-static compression in Figure 2 , the gradient metallic cellular material is compressed with deformation . In stage I, the gradient cellular material can be divided into deformed materials and undeformed materials. And the compressing deformation results from the deformed materials with length ℎ. In stage II, the cellular materials have been all crushed and the crushing stress increases sharply.
The relationship between the compressing deformation and deformed region ℎ can be expressed as follows:
Owing to quasi-static compression, the stress distribution of gradient cellular material can be considered as homogeneous. Hence, the crushing stress of gradient cellular material is equal to the yield stress of cellular material which begins crushing and can be written as
According to (1)- (6), the crushing stress ( ) during stage I can be obtained:
where ( ) is the implicit function about . Adopting bisection method to solve the above implicit function (7), the relationship of crushing stress and compressing deformation can be obtained.
In stage II, all cellular materials have been crushed. The crushing stress in stage II can be calculated by the following:
where is the strain of bottom face. For the model, the Lagrange function of the system may be defined as
Mathematical Formulations for the Collision
where is the kinetic energy of the system, is the gravitational potential energy, is the plastic energy of gradient cellular material, and is the elastic potential energy of the spring. Since the mass of the gradient cellular material is typically much lower than that of the protected structure, the kinetic energy of the gradient cellular material is neglected under the present low velocity impact. The total kinetic energy can be defined as 
During collision, the plastic energy of the gradient cellular material is calculated as follows:
where ( 1 ) is the crushing stress of the gradient cellular material calculated by (7) and (8) and is the cross-sectional area of the gradient cellular material. Note that the frictions on the top/bottom gradient cellular material surfaces are neglected. Therefore, the cross-sectional area can be seen as a constant.
The elastic potential energy of the spring is determined by the displacement difference between 1 and 2 :
where ( ) is the stiffness of spring varying with the difference between 1 and 2 . And ( ) can be simplified and defined as
where 0 is the initial stiffness value and is the coefficient. Substituting (14a) and (14b) into (13), the elastic potential energy of the spring is obtained as
The viscous damping force varied linearly with the relative velocity as follows:
where is the damping coefficient. Therefore the damping dissipated work is calculated by
The work dissipated by friction is neglected. Hence, the total work of the system is equal to those of damp:
Accordingly, the generalized nonpotential forces 1 and 2 are obtained as follows:
where is the dissipated work of the system. Substituting (18) into (19) , the nonpotential force can be rewritten as
Based on Lagrange's equation of the second kind,
the equilibrium equations of the model are derived by substituting (10)- (13), (20a), and (20b) into (21) as
The initial conditions are
The explicit integral method is employed to solve (22a), (22b), and (23).
Verification of the Collision Model for Protective Structure with Gradient Metallic Cellular Material

Verification of the Crushing Stress of the Gradient Metallic Cellular Material.
A numerical compressive "test" of the gradient metallic cellular material at a low constant velocity ( = 0.5 m/s) was performed by using ABAQUS to obtain the crushing stress and then the results were compared with those calculated by presented model. In the simulation, the axisymmetric FE models of the gradient metallic cellular cylinder and a rigid plate are constructed. The radius of the cylinder is 10 mm, and the thickness is 20 mm. The sample is divided into 20 layers along thickness direction, and the thickness of each layer is the same. The sample is simulated by a 4-node bilinear axisymmetric quadrilateral CAX4R. Each layer contains 400 elements. The constitutive law "crushable foam" with isotropic hardening in the ABAQUS/EXPLICIT is employed to present the properties of the sample. Meanwhile, the "velocity boundary condition" is used to control the velocity of the rigid plate. The bottom of the sample is fixed. The matrix material of the cellular sample is aluminum and its plastic Poisson ratio is 0. The corresponding mass densities are as follows: 1 = 270 kg/m 3 (relative mass density 1 = 0.1) and 2 = 810 kg/m 3 (relative mass density 2 = 0.3). The quasi-static stress-strain curve ( (7) and (8)) of gradient cellular sample under quasi-static compression is shown in Figure 3 .
Analytical result predicted by (7) and (8) In Figure 3 , the crushing stress-nominal strain curve considering the strain hardening for cellular material is very close to FE results. When the nominal strain exceeds 0.65, the gradient cellular sample has all been crushed.
Verification of the Collision Model for Protective Structure with Gradient Metallic Cellular Material.
To validate the presented collision model, the mass density of the gradient cellular material is taken as 1 = 2 = 327.2 kg/m 3 in (4). The present collision model will degenerate into the collision model for protective structure with homogeneous cellular material. Figure 4 shows the velocity attenuation of the protected structure predicted by the present collision model and calculated by Li et al. [22] . The detailed parameters are listed in Table 1 . It can be seen in Figure 4 that the velocity attenuation of the first impact process predicted by the present model is very close to that calculated by Li et al. [22] . Since the friction dissipation energy is ignored, the second impacting velocity calculated by present model is lightly larger than that calculated by Li et al. [22] .
Discussion
The Influence of Gradient Cellular Material on Velocity
Attenuation of Protected Structure. To compare with the homogeneous cellular material, the mass of gradient cellular materials is kept as constant. Moreover, to describe the changing range of the linear mass density distribution, the gradient change is defined as the difference between 2 and 1 . The velocity and acceleration attenuation of protected structure are shown in Figure 5 .
As the gradient change increases, the minimum mass density decreases. Consequently, the crushing thickness of the gradient cellular material with the mass density distribution (0.1-0.3) is larger than that of the others after the first impact. And the first impact duration of the gradient cellular material with the mass density distribution (0.1-0.3) is larger than that of the others. Therefore, the first rebounding velocities 1 and 2 and the first rebounding acceleration 2 decrease as the gradient change increases in Figure 5 . Meanwhile, it can be concluded that adopting gradient cellular materials can effectively reduce the maximum acceleration value of inner protected structure during the first impact compared with homogeneous cellular materials with the same mass.
The Influence of Nonlinear Mass Density Distribution of Gradient Metallic Cellular Material on the Acceleration
Attenuation of Inner Protected Structure. In this section, the mass density distribution of gradient metallic cellular material is calculated as follows:
where the gradient index is separately equal to 0.125, 0.40, 0.80, 1.25, 2.5, and 8.0. The nonlinear mass density distribution along thickness direction is shown in Figure 6 . And the influence of mass density distribution on the maximum acceleration of inner protected structure 2 during the first impacting process is shown in Figure 7 . It can be seen that the maximum acceleration value of inner protected structure 2 after the first impact decreases as the value of gradient index increases in Figure 7 . When gradient index is more than 2.5, the mass densities near the upper face gradually keep the same shown in Figure 6 . Therefore, the crushing thicknesses also gradually keep the same. And the maximum acceleration value decreases less after the first impact though the gradient index increases as in Figure 7 .
The Influence of the Spring on Acceleration Attenuation of the Inner Protected
Structure. During the impact, the kinetic energy of the inner protected structure can be absorbed by the spring and then transferred partially to the outer structure. The influence of spring on acceleration attenuation of inner protected structure is shown in Figure 8 . It can be seen in Figure 8 (a) that the maximum acceleration value of inner protected structure decreases as the initial stiffness value 0 decreases. This is because more kinetic energy of inner structure has been stored in spring and absorbed by gradient cellular material eventually. In Figure 8(b) , the maximum acceleration value of inner protected structure during the first impacting process slightly increases while the moment of the second impact delays as increases. Therefore, to decrease the maximum acceleration value of inner protected structure during the first impacting process, the initial stiffness value of the spring should be chosen carefully.
Conclusion
(1) A formula associated with hardening strain for cellular material is presented to predict the crushing stress of gradient metallic cellular material under quasistatic compression. The FE result shows that this formula can predict the crushing stress of the gradient metallic cellular material.
(2) A collision model for protective structure with gradient metallic cellular material under low velocity impact is established, in which the gradient metallic cellular material is used for protection. The result shows that adopting the gradient metallic cellular material instead of homogeneous cellular material can effectively decrease the maximum acceleration value of inner protected structure during the first impacting process. 
